A detailed analysis to the [1,2] Padé approximation to the ππ scattering 2-loop amplitudes in chiral perturbation theory is made.
The chiral perturbation theory (ChPT) ( [1] - [4] ) is a powerful tool in studying strong interaction physics at low energies and has been extensively studied at 1-loop level [5] . The 2-loop results are also available in recent years ([6] - [9] ). However, since the chiral expansion is an expansion in terms of the external momentum, the perturbation series to any finite order diverges very rapidly at high energies. Therefore the violation of unitarity gets even worse for 2-loop amplitudes than the 1-loop amplitudes at high energies. Also the number of parameters in the effective Lagrangian which are not fixed by symmetry alone increases rapidly. Therefore increasing the order of the perturbation expansion does not work at all for the purpose of exploring physics in the non-perturbative region, or at higher energies and non-perturbative studies become necessary. A widely used method to remedy the violation of unitarity is the so called Padé approximation (sometimes also called the chiral unitarization approach in the literature). A nice feature of the Padé approximation is that it restores unitarity with full respect, at low energies, to the available information from perturbation theory. Therefore, even though it is well known that it violates crossing symmetry, Padé approximation is considered to be a valuable tool in exploring physics in the non-perturbative region, such as the property of physical resonances, and extensive studies based on the chiral unitarization approach have been made [10] . However, a previous study [11] indicates that the [1, 1] Padé approximation encounters a serious problem by predicting spurious physical sheet resonances (SPSRs).
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Usually these SPSRs locate at distant places very far from the region where the perturbation results are valid. The predictions of the Padé approximants constructed from the perturbative amplitudes should, of course not, be considered as meaningful in the region far away from the region where perturbation theory remains to be valid. One may further argue that since those SPSRs are far from the region we are concerning the use of the Padé approximation is still acceptable at least in some phenomenological discussions. However, the problem with Padé approximation is not only because it predicts SPSRs in the distant region too far away to be worthwhile to pay any attention, but also because those SPSRs usually have large couplings to ππ which lead to strong influence to the region we are really interested in, and hence their existence casts doubt on the remaining predictions of the Padé approximants which might otherwise be assumed as meaningful, at least at quantitative level. The aim of the present study is to further investigate the Padé approximation following the method of Ref. [11] . We will extend the work of Ref. [11] by also analyzing the [1, 2] Padé approximants, since the 2-loop perturbation results are already available. One of the main motivation of the present work is to investigate the possibility that the [1, 2] Padé approximants can rescue, to some extent, the bad situation the [1, 1] Padé approximants encounter. The conclusion is rather negative, as we will see in the following text. However, we believe it is still worthwhile to present our results. Since the Padé approximation is a very popular approximation method widely used in phenomenological discussions, we hope the presentation of the present work could benefit physicists who are working in the related fields of non-perturbative physics.
For the ππ → ππ scattering, it is well known that the isospin amplitudes in the s channel can be decomposed as, at each order of the perturbation expansion in powers of the quark masses and external momentum, i.e., 
In the following we frequently omit the indices I, J of the T matrix for simplicity if it causes no confusion. For any given amplitude satisfying single channel unitarity, following the method of Refs. [12, 13] , we define two real analytic functionsF and F as
It is obvious thatF and ρF are the analytic continuation of cos(2δ) and sin(2δ), as the scattering S matrix is equal to exp{2iδ} in the physical region. According to [12, 13] , we have the following dispersion relations for F and F :
and,
where α andα are subtraction constants, s i denotes the possible bound state pole positions and β i denotes the corresponding residues of S; z II j denotes either the possible resonance pole positions on the second sheet, which are grouped into complex conjugated pairs, or the virtual state pole positions when z II j is real. The integrals in Eqs. (13) and (14) denote the cut contributions and one subtraction to each integral is understood, according to general physical consideration.
1 L = (−∞, 0] is the left hand cut (l.h.c.). The discontinuities on the left in Eqs. (13) and (14) satisfy the following equations [13] ,
In order to evaluate the values of Im L Re R T (s) and Im L Im R T (s), we need the analytical expressions of Re R T (s) and Im R T (s) which can be derived from the expression of the T [1, 2] (s) in Eq. (8),
where
Analytical expressions for Im LF and Im L F in terms of perturbation amplitudes can also be written down, or can be calculated numerically from Eq. (16). In Eqs. (13) and (14) we did not include resonance poles on the first sheet, since they are not allowed physically. However, as we stated before, the Padé amplitude may contain SPSRs. When using Eqs. (13) and (14) to analyze the Padé amplitude the dispersion representations have to be modified to include those terms representing SPSRs. This can easily be done by using Eq. (12) .
Making use of the property of the scattering amplitude at threshold one can recast Eqs. (13) and (14) in the following form:
in which a I J represents the scattering length parameter in the corresponding channel. The difference between Eqs. (13), (14) and Eq. (18) really makes the difference: in the latter formula a constant contribution is subtracted from each pole term. The new definition of the pole contribution (that is the original pole contribution minus the its contribution at s = 4) only probes the s dependence of the pole term. For example, in the limit z
is held fixed, the pole contributes a constant term to the dispersion relation according to Eqs. (13) and (14) . This constant term is reabsorbed into the scattering length parameter in Eq. (18) and the pole no longer contributes to the dispersion relation, according to the new definition of pole contribution. Similar discussion can be made for the case of SPSR. In the following we will always use the new definition of the pole contribution. Except the pole contributions, the rest of the r.h.s. of Eq. (18) will be called the background contribution in the following text.
The Eq. (18) allows us to explicitly examine different contributions from various kinds of dynamical singularities to the phase shifts. We have computed various contributions to cos(2δ) and sin(2δ) in IJ=00,11 and 20 channels both in [1, 2] Padé and [1, 1] Padé approximations as presented below.
The SU(2) ×SU(2) effective Lagrangian at O(p 6 ) contains two sets of parameters:
Here we take these parameters the same as in Ref. [9] : the scale-independent couplingsl i are, 
and we take the renormalization scale µ = 1GeV when evaluating the constants b i appeared in Eq. (4). Using the above values of parameters we can determine poles and cuts of the Padé amplitudes. As shown in Table 1 , Padé approximation not only predicts the existence of the σ and ρ resonances, but also generates many other poles on the complex s plane, and more poles exist in [1, 2] than in [1, 1] Padé approximant. In addition to the poles found in table 1, it is found that there also exist 2 pairs of BS/VS poles located close to the Adler Zero position of T I J,2 in both IJ=00 and IJ=20 channels (in a wide range of thel i and r i parameters). Similar to what happens in the [1,1] Padé case [11] they can be tuned away within reasonable range of thē l i and r i parameters and are only artifacts of the Padé approximants. More importantly they only have very tiny effects and can be safely neglected. The existence of the virtual state in the IJ=20 channel has been clarified in Ref. [11] but its effect is also very small. Besides those well established resonances which can be found in table 1,
Padé approximants predict resonances or SPSRs at distant places on the complex s plane. Chiral perturbation expansion only works in a region close to the threshold or |s| << 1GeV 2 , therefore the Padé approximants should also be expected to be reasonable only in a limited region: |z| << 1GeV 2 on the complex s plane. Hence any prediction from Padé approximants at distant places should not be trustworthy, no matter the predicted poles are on the first sheet or on the second sheet. Of course we should not take these predictions seriously. The real problem for the Padé amplitude is that in many cases the distant poles do not truly decouple from the low energy physics, as indicated by their large couplings. The Eqs. (13) and (14) afford us a useful tool to evaluate the influence of these spurious or unreliable contributions quantitatively.
To have a clear insight to the problem we are facing we perform the following calculation: We use the MINUIT program to make a global fit to the experimental phase shift in both the IJ=00,20 and 11 channels using the Padé amplitudes. The data ( [14] - [18] ) are taken from the threshold to 730MeV in IJ=00 channel and to 1GeV in IJ=11 and 20 channels. The fit results of the coupling constantsl i and r i are listed in the following, 
In spite of the fact that the χ 2 fit is very insensitive tol 3 , r 1 and r 2 , it is impressive to notice that the values of the coupling constants obtained from the global fit agree rather well with their values determined at low energies, at least in the order of magnitude [19] . The results for the fit are shown in table 2 [1, 2] amplitude there are additional poles at distant positions but their contributions are rather small, so both the two amplitudes can be considered as phenomenologically successful. In the IJ=20 channel both amplitudes run into disaster since both of them predict huge contributions from SPSRs. Comparing Fig. 2 with Fig. 2 of Ref. [11] one finds that the [1, 2] Padé amplitude is even worse in the sense that it predicts large SPSR contribution also to sin(2δ). In the most interesting IJ=00 channel, the situation is more complicated. From Fig. 4 we find that the SPSR's contribution to sin(2δ) is sizable yet in Fig. 1 the SPSR's contribution is very small. However, in the latter case there appears another large contribution from a resonance (R) located at s R = (0.318 ± 0.468i) 2 GeV 2 in the IJ=00 channel, which is neither very far away from nor very close to the low energy physics region. When looking at channel: the σ and R. The two resonances are distinguishable in the following way: in table 1 one resonance pole is much closer to the physical region comparing with another one, the former is of course denoted as σ.
3 Then we can tune the parametersl i and r i continuously, from the values given in Eqs. (19) and (20) to the central values of the parameters given in Eq. (21), and keep track of the pole positions. In this way we can distinguish the two resonance poles in table 2. Obviously the pole position of R is very sensitive to the parameters of the chiral Lagrangian and the pole position of the σ meson is rather stable. The former comes actually from very distant places, therefore its existence and contribution is still doubtful even though it is located not very far from the physical region as predicted by the parameter set determined from the global fit. In this sense one hesitates to conclude that the [1, 2] Padé approximant in the IJ=00 channel is better than the [1, 1] approximation even though the SPSRs' contribution is reduced. The difference between the different σ pole parameters as predicted by different Padé amplitudes, as shown in table 2 and table 3 , reflects such an ambiguity.
To conclude, in general the prediction from the [1,2] Padé approximation is not in any sense more trustworthy than the [1,1] Padé approximation. A lesson one may draw from the discussion made in this paper is that physics at distant places (no matter spurious or not) as predicted by the Padé approxi-mation do not necessarily decouple at low energies. We suggest, to make safe use of the Padé approximation one has to make a case by case analysis to the amplitudes using the method proposed in this paper. The smallness of the contribution from high energies may be considered as a necessary condition for the predictions of the Padé amplitude at moderately low energies to be numerically trustworthy.
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